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Abstract
We construct Lagrangians for non-relativistic massive fields with arbitrary spin.
We use a Bargmann–Wigner construction, together with a Galilean covariant
approach based on the reduction from an extended (4, 1) Minkowski manifold
to the Galilean (3, 1) spacetime. Fierz identities are developed within this
framework. By using symmetric spinor fields of rank 2 and rank 3, we can
avoid the difficulty arising from the introduction of the minimal electromagnetic
interaction in the Bargmann–Wigner wave equations. For fields with spin S,
the minimal electromagnetic coupling thereby leads to the gyromagnetic ratio
gS = 1/S.

PACS numbers: 03.65.Pm, 03.70.+k, 11.10.Ef, 11.30.−j

1. Introduction

In non-relativistic quantum mechanics (NQM), Hagen and Hurley proposed the Galilean-
covariant Bargmann–Wigner (BW) theory in terms of the multi-spinor field of rank 2S, where
S is the spin of the field [1]. The 1/S conjecture of the gyromagnetic ratio by Belinfante [2]
was also obtained by introducing the minimal electromagnetic interaction into the Galilean-
covariant BW wave equation. It is well known that in relativistic quantum mechanics (RQM),
a set of the BW equations becomes inconsistent when the minimal electromagnetic coupling
is introduced [3]. This inconsistency occurs even in NQM for the BW wave equations coupled
with the minimal electromagnetic interaction. As strongly suggested in [3], a way to avoid
this difficulty is to construct a Lagrangian formulation for non-relativistic fields in terms of
the symmetric spinor fields of rank 2 or rank 3.

The purpose of this paper is to construct Lagrangians for BW fields with arbitrary spin
in the Galilean-covariant manner. The method, which is applied hereafter to a massive
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field theory, entails such parallel results as the development of Fierz identities in a Galilean
framework. A reason to persist in using the Lagrangian formalism is that invariance of the
equation of motion does not always imply the conservation law if the equation of motion is not
derivable from a Lagrangian (see, for instance, the introduction of reference [3]). To this end,
we employ a covariant form of Galilei transformations of five coordinates x, t and an extra
variable s [4, 5]. Mathematically, this additional parameter corresponds to a central extension
of the Galilei group, and thereby it enables us to deal only with vector representations of the
Galilei group, rather than its projective representations. The main advantage gained here is
that we can proceed in a way quite analogous to RQM. Indeed, many of our non-relativistic
equations have the same form as the corresponding equations in RQM except that they are
written in a manifestly covariant form on a Minkowski space in (4, 1) dimensions. This is
motivated by the fact that the Galilei group in (3, 1) spacetime is a subgroup of the Poincaré
group in (4, 1) spacetime.

Following reference [4, 5], let us define Galilean 5-vectors (x, x4, x5) as transforming
under Galilean boosts as

x′ = x − Vx4,

x4′ = x4,

x5′ = x5 − V · x + 1
2 V2x4,

(1)

with the relative velocity V. This transformation leaves the scalar product A · B =
A · B −A4B5 −A5B4 invariant, so that, instead of constructing field models based on Lorentz
covariance, we replace the Lorentz metric with the Galilean metric:

ηµν =

13×3 0 0

0 0 −1
0 −1 0


 .

This metric may be diagonalized to the Lorentz metric of (4, 1) spacetime; hence the unification
of this formalism, which encompasses both Galilean and relativistic kinematics in (3, 1)

dimensions, as emphasized in [4]. Once a covariant Lagrangian has been constructed, we
must use an appropriate projection onto the (3, 1) Galilean spacetime:

xµ = (x, t, s) → (x, t). (2)

A feature of the formalism is that the extra degrees of freedom introduced through the variable
s should be eliminated by means of suitable boundary conditions.

The canonical conjugate variables of the extended coordinates provide a transparent
interpretation of the additional parameter s. Indeed, the 5-momentum

pµ = −i∂µ = (−i∇,−i∂t ,−i∂s) = (p,−E,−m), (3)

such that p4 = −p5 = m and p5 = −p4 = E, shows that the coordinate s is conjugate to the
mass m in the same way that x is conjugate to the momentum. When it comes to projecting
the fields, we find, for instance with scalar fields, that the relation ∂s = −im implies the ansatz

�(x) ≡ e−imsϕ(x, t). (4)

The invariant pµpµ = −κ2
m, where κm is some constant, leads to the dispersion relation

E = 1

2m
p · p +

1

2m
κ2

m.

This takes on the familiar form, E = 1
2m

p · p + mc2, if κ2
m = 2m2c2, or κm = ±√

2mc, where
m is the mass and c has units of velocity. Hereafter, we will take c = 1, so that

κm =
√

2m. (5)

Other papers using this five-dimensional approach are in [6].
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This paper is organized as follows: Kamefuchi and Takahashi have constructed the
Lagrangians for the relativistic BW fields with spin 1 and spin 3/2 in terms of the symmetric
spinors of rank 2 and rank 3, respectively. We reformulate the BW constructions in the
extended (4, 1) manifold for symmetric spinor fields of rank 2 in section 2, and for rank 3
in section 3. Then we construct a Lagrange formulation for non-relativistic BW fields with
arbitrary spin by using the symmetric spinor fields of rank 2 and rank 3 in section 4.

We briefly discuss an inconsistency arising from the introduction of the minimal
electromagnetic coupling into the BW wave equations in section 5. The Schrödinger
equation follows from a reduction of the Klein–Gordon equation in the extended space.
The gyromagnetic ratio obtained in section 6 is thus identical to the one found in the literature
[1, 7, 8]. The final section contains a short discussion. In appendix A, we establish the
Fierz identities together with useful relations for the Galilean gamma matrices, which play a
crucial role in our calculations. We give the expressions of Lagrangians and the corresponding
Klein–Gordon divisors without using the charge conjugation operator in appendix B.

2. Symmetric spinor field of rank 2

Our purpose is to construct a Lagrangian which leads to the equation of motion:

(γ · ∂ + κm)α
α1�α1α2(x) = 0

together with the symmetry property of the BW field:

�α1α2(x) = �α2α1(x).

In the first expression the dot product represents a sum over the indices 1, . . . , 5. Henceforth,
we adhere to the notation of having lower case indices from the beginning of the Greek
alphabet, α, β, γ , etc denote spinor indices and run from 1 to 4, whereas lower case indices
from the middle of the Greek alphabet, κ , λ, µ, etc denote Galilean tensor indices and run
from 1 to 5. We choose c = 1 and h̄ = 1.

Following reference [4], we take the four-dimensional gamma matrices as

γ =
(

σ 0

0 −σ

)
, γ 4 =

(
0 0

−√
2 0

)
, γ 5 =

(
0

√
2

0 0

)
, (6)

where the 2×2 Pauli matrices are given by

σ 1 =
(

0 1

1 0

)
, σ 2 =

(
0 −i

i 0

)
, σ 3 =

(
1 0

0 −1

)
. (7)

The matrices of equation (6) obey the Clifford algebra

{γ µ, γ ν} = 2ηµν, (8)

where ηµν is the Galilean metric. For future reference, let us define an analogue to the usual
matrix γ 0:

ξ = −i√
2
(γ 4 + γ 5) =

(
0 −i

i 0

)
. (9)

In order to quantize the BW field, we adopt the Takahashi–Umezawa formulation [9].
Consider the Lagrangian

L(x) = −�
α2α1

(x)α1α2
β1β2(∂)�β1β2(x), (10)
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where√
2α1α2

β1β2(∂) = 1
4 i[(σµνC)α1α2(C

−1γν)
β2β1 − (γνC)α1α2(C

−1σµν)β2β1 ]∂µ

+ κm
1
4

[
(C)α1α2(C

−1)β2β1 + (γ µC)α1α2(C
−1γµ)β2β1 + 1

2 (σµνC)α1α2(C
−1σµν)

β2β1
]

and the adjoint field of �α1α2 , denoted by �
α2α1 , is given by

�
α2α1

(x) = �†α′
2α

′
1(x)ξα′

1

α1ξα′
2

α2 . (11)

The matrices (γ µC)α1α2 and (σµνC)α1α2 are symmetric with respect to the spinor indices α1

and α2. This can be proved thanks to the properties of the charge conjugation operator C:

C = −CT

and

C−1 = C†

(see appendix A, equation (A.1)).
We may expand �α1α2 as

�α1α2(x) =
√

m

2

[
(C)α1α2ϕ(x) + (γ µC)α1α2ϕµ(x) +

1

2
(σµνC)α1α2ϕµν(x)

]
, (12)

with

ϕ(x) =
√

2

m

1

4
(C−1)α2α1�α1α2(x),

ϕµ(x) =
√

2

m

1

4
(C−1γµ)α2α1�α1α2(x),

and

ϕµν(x) =
√

2

m

1

4
(C−1σµν)

α2α1�α1α2(x),

where ϕ, ϕµ and ϕµν contain operators. If we substitute the Hermitian conjugate of �α1α2 into
equation (11), we find

�
α2α1

(x) =
√

m

2

[
−ϕ(x)(C−1)α2α1 + ϕµ(x)(C−1γµ)α2α1 − ϕµν(x)

1

2
(C−1σµν)

α2α1

]
,

where

ϕ(x) = ϕ†(x), ϕµ(x) = ηµνϕ†
ν(x),

and

ϕµν(x) = ηµρηνσϕ†
ρσ (x).

Let us note the following relation:

CξT C−1 = −ξ.

The Euler–Lagrange equation of motion follows from equation (10):

α1α2
β1β2(∂)�β1β2(x) = 0. (13)

If we substitute equation (12) into the equation of motion (13), and multiply by
1
4 (C−1)α2α1 , 1

4 (C−1γµ)α2α1 and 1
4 (C−1σµν)

α2α1 , we obtain, respectively,

ϕ(x) = 0,

−i∂νϕ
ν
µ(x) + κmϕµ(x) = 0,

and i[∂µϕν(x) − ∂νϕµ(x)] + κmϕµν(x) = 0.
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Therefore, we have

�α1α2(x) = −
√

m

2

1

κm

[(γ · ∂ − κm)γ µC]α1α2ϕµ(x),

with (
∂2δµ

ν − ∂µ∂ν − κ2
mδµ

ν
)
ϕν(x) = 0.

Then �α1α2 is clearly symmetric, and satisfies

(γ · ∂ + κm)α
α1�α1α2(x) = 0.

Now, let us cast the equation of motion into the form (13) and seek the reciprocal operator
of (∂) defined by

α1α2
γ1γ2(∂)dγ1γ2

β1β2(∂) = (
∂2 − κ2

m

)
Iα1α2

β1β2 .

The operator d(∂) is called ‘Klein–Gordon divisor’. Let us rewrite (∂) as

α1α2
β1β2(∂) = 1√

2

[
(�µ)α1α2

β1β2∂µ + κmIα1α2
β1β2

]
,

where

Iα1α2
β1β2 = 1

4

[
(C)α1α2(C

−1)β2β1 + (γ µC)α1α2(C
−1γµ)β2β1 +

1

2
(σµνC)α1α2(C

−1σµν)
β2β1

]
,

and (�µ)α1α2
β1β2 = i

4
[(σµνC)α1α2(C

−1γν)
β2β1 − (γνC)α1α2(C

−1σµν)β2β1 ].

It is worth noting that (∂) can be written into a more familiar form by utilizing the Fierz
identities, equations (A.2) and (A.8), in appendix A:

Iα1α2
β1β2 = δα1

β1δα2
β2 , (14)

and (�µ)α1α2
β1β2 = 1

4

[
(γ µ)α1

β1δα2
β2 + (γ µ)α1

β2δα2
β1 + δα1

β2(γ µ)α2
β1 + δα1

β1(γ µ)α2
β2

]
. (15)

Then we can express the Klein–Gordon divisor as

dα1α2
β1β2(∂) =

√
2

[
1

κm

(
∂2 − κ2

m

)
Iα1α2

β1β2 + (�µ)α1α2
β1β2∂µ− 1

κm

(�µ)α1α2
γ1γ2∂µ(�ν)γ1γ2

β1β2∂ν

]
,

= −
√

2

κm

1

4

[
(γ · ∂ − κm)α1

β1(γ · ∂ − κm)α2
β2 + (γ · ∂ − κm)α1

β2(γ · ∂ − κm)α2
β1

+
(
∂2 − κ2

m

)(−3δα1
β1δα2

β2 + δα1
β2δα2

β1
)]

,

by using equations (14) and (15).
Now we quantize the BW field � by using the Klein–Gordon divisor, following the

development by Takahashi and Umezawa [9]:

[�α1α2(x),�
β2β1

(y)] = −idα1α2
β1β2(∂)�(x − y, κm),

and 〈0|T (�α1α2(x)�
β2β1

(y))|0〉 = −idα1α2
β1β2(∂)�C(x − y, κm),

(16)

with

�(x − y, κm) = − i

(2π)3

∫ ∞

−∞
d5p eip·(x−y)δ

(
p2 + κ2

m

)
2mδ((p5)

2 − m2), (17)

and

�C(x − y, κm) = − 1

(2π)4

∫ ∞

−∞
d5p eip·(x−y) 1

p2 + κ2
m − iε

2p5δ((p5)
2 − m2), (18)

where the limit ε → 0 is understood. Note that we find

[ϕµ(x), ϕν(y)] = i

(
ηµν − 1

κ2
m

∂µ∂ν

)
�(x − y, κm)

by multiplying equation (16) by 1
4 (C−1γµ)α2α1 and 1

4 (γνC)β1β2 from both sides.
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3. Symmetric spinor field of rank 3

The algorithm developed in section 2 can be extended to the totally symmetric spinor field of
rank 3, which is assumed to satisfy

(γ · ∂ + κm)α
α1�α1α2α3(x) = 0,

where the spinor indices satisfy the following symmetry condition:

�α1α2α3(x) = �α2α1α3(x) = �α1α3α2(x).

These equations can be obtained from a Lagrangian given by

L(x) = −�
α3α2α1

(x)α1α2α3
β1β2β3(∂)�β1β2β3(x), (19)

where

α1α2α3
β1β2β3(∂) =

{
(�µ)α1α2

β1β2∂µ + κmIα1α2
β1β2

+
1

4
(γ µC)α1α2

1

κm

[(
∂2 − κ2

m

)
ηµν − ∂µ∂ν

]
(C−1γ ν)β2β1

}
δα3

β3

+
1

4
(γ µC)α1α2 [µν(∂)]α3

β3(C−1γ ν)β2β1 , (20)

with

µν(∂) = (γ · ∂ + κm)
(
ηµν − 1

4γµγν

) − 1
4 (γµ∂ν − γν∂µ),

and the adjoint field

�
α3α2α1

(x) = �†α′
3α

′
2α

′
1(x)ξα′

1

α1ξα′
2

α2ξα′
3

α3 .

We may expand the BW field �α1α2α3 in terms of 16 linearly independent elements as

�α1α2α3(x) =
√

1
2

[
(C)α1α2ψα3(x) + (γ µC)α1α2ψα3µ(x) + 1

2 (σµνC)α1α2ψα3µν(x)
]
, (21)

with

ψα3(x) =
√

2

4
(C−1)α2α1�α1α2α3(x),

ψα3µ(x) =
√

2

4
(C−1γµ)α2α1�α1α2α3(x),

(22)

and

ψα3µν(x) =
√

2

4
(C−1σµν)

α2α1�α1α2α3(x).

The adjoint field of �α1α2α3 is denoted by �
α3α2α1 and is given by

�
α3α2α1

(x) =
√

1

2

[
−ψ

α3
(x)(C−1)α2α1 + ψ

α3

µ (x)(C−1γ µ)α2α1 − ψ
α3

µν(x)
1

2
(C−1σµν)α2α1

]
,

where

ψ
α3

(x) = −�
α3α2α1

(x)

√
2

4
(C)α1α2 = ψ †β3(x)ξβ3

α3 ,

ψ
α3

µ (x) = �
α3α2α1

(x)

√
2

4
(γµC)α1α2 = ψ †β3

µ (x)ξβ3
α3 ,

and ψ
α3

µν(x) = −�
α3α2α1

(x)

√
2

4
(σµνC)α1α2 = ψ †β3

µν (x)ξβ3
α3 .

(23)
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With equation (19), we find the Euler–Lagrange equation of motion

α1α2α3
β1β2β3(∂)�β1β2β3(x) = 0, (24)

which leads to

ψα3(x) = 0, (25)

i∂νψα3µν(x) + κmψα3µ(x) +
1

κm

[(
∂2 − κ2

m

)
ψα3µ(x)− ∂µ∂νψα3ν(x)

]
+ µν(x)ψν

α3
(x) = 0,

and i[∂µψα3ν(x) − ∂νψα3µ(x)] + κmψα3µν(x) = 0.

(26)

These equations give us

µν(∂)ψα3
ν(x) = 0,

which, in turn, allows us to write

(γ · ∂ + κm)ψα3µ(x) = 0,

together with

∂µψα3µ(x) = γ · ψα3(x) = 0. (27)

From equations (21), (25), (26) and (27), we find

�α1α2α3(x) = − 1√
2

1

κm

[(γ · ∂ − κm)γ µC]α1α2ψα3µ(x), (28)

which leads to

(γ · ∂ + κm)α
α1�α1α2α3(x) = 0,

where we have utilized(
∂2 − κ2

m

)
ψα3µ(x) = 0.

The symmetry of the spinor �α1α2α3 between α1 and α2 is clear from equation (28). If
we multiply equation (28) by the skew symmetric matrix (C−1)α2α3 and use equation (27), we
obtain

�α1α2α3(x)(C−1)α2α3 = − 1√
2

1

κm

(γ · ∂ − κm)α1
α3 [γ µψα3µ(x)] = 0,

which proves that the spinor �α1α2α3 is fully symmetric.
We now proceed to find the Klein–Gordon divisor d(∂) satisfying

α1α2α3
γ1γ2γ3(∂)dγ1γ2γ3

β1β2β3(∂) = (
∂2 − κ2

m

)
Iα1α2

β1β2δα3
β3 .

As can be verified by a tedious but straightforward calculation, we may take

dα1α2α3
β1β2β3(∂) = 1

κm

[
Iα1α2

β1β2 − 1

4
(γ µC)α1α2ηµν(C

−1γ ν)β2β1

]
δα3

β3
(
∂2 − κ2

m

)
+

1

4

[
(γ µC)α1α2 + i(σµκC)α1α2

1

κm

∂κ

]
[dµν(∂)]α3

β3

×
[
(C−1γ ν)β2β1 − i

1

κm

∂λ(C
−1σ νλ)β2β1

]
, (29)

where

dµν(∂) = (γ · ∂ − κm)

[
ηµν − 1

4
γµγν +

1

4

1

κm

(γµ∂ν − γν∂µ) − 3

4

1

κ2
m

∂µ∂ν

]

+
3

4

1

κ2
m

(
∂2 − κ2

m

)
[(γµ∂ν − γν∂µ) + (γ · ∂ − κm)γµγν],
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which satisfies

µλ(∂)dλ
ν(∂) = (

∂2 − κ2
m

)
ηµν.

Here we have used the Fierz identity (A.2).
We can quantize the BW field � by using the Klein–Gordon divisor [9]{

�α1α2α3(x),�
β3β2β1

(y)
} = −idα1α2α3

β1β2β3(∂)�(x − y, κm),

and 〈0|T (�α1α2α3(x)�
β3β2β1

(y))|0〉 = −idα1α2α3
β1β2β3(∂)�C(x − y, κm),

(30)

where � and �C are defined in equations (17) and (18), respectively. By using equations (22)
and (23), we obtain from equation (30):{

ψα3µ(x), ψν
β3(y)

} = −i[dµν(∂)]α3
β3�(x − y, κm).

The charge conjugation operator C can be eliminated from equations (20) and (29)
with the aid of the Fierz identities in appendix A. However, the final expressions, given in
appendix B, are quite complicated.

4. BW field with arbitrary spin

According to the BW method [10], a field which corresponds to a spin-S particle is described
by a multi-spinor wavefunction ψα1···αn

(x), where n = 2S, and ψ is assumed to be completely
symmetric with respect to the indices α1, . . . , αn. In NQM, Hagen and Hurley have described it
with a multi-spinor field with arbitrary spin S which transforms as a direct product of n spinors
of spin S = 1/2 under Galilean transformations [1]. Following Hagen and Hurley, we assume
here that a BW field can be decomposed into the direct product of N symmetric spinor fields of
rank 2, for S even, and the direct product of N symmetric spinor fields of rank 2 with one
symmetric spinor field of rank 3, for S odd, where N = [n/2]. We also introduce N sets of 4×4
Galilean gamma matrices γ (k)µ, together with the charge conjugation matrix C(k) = −C(k)T ,
where k runs from 1 to N, which acts only on the kth double spinor indices α2k−1 and α2k , for
S even. In the case of k = N for S odd, the gamma matrices and conjugation matrix act on
the Nth triple spinor indices αn−2, αn−1 and αn.

In the following subsections, we discuss separately the n even and n odd situations.

4.1. BW fields with n even

A completely symmetric BW field is given by

�α1···αn
(x) =

(
1

m

)3(N−1)/2 ∑
C

N∏
k=1

�(k)
α2k−1α2k

(x),

where
∑

C denotes the sum over all distinct combinations of indices α1, . . . , αn, and

�(k)
α2k−1α2k

(x) =
√

m

2

[
(C(k))α2k−1α2k

ϕ(k)(x) + (γ (k)µC(k))α2k−1α2k
ϕ(k)

µ (x)

+
1

2
(σ (k)µνC(k))α2k−1α2k

ϕ(k)
µν (x)

]
. (31)

The adjoint field to � is written as � and is given by

�
αn···α1

(x) =
(

1

m

)3(N−1)/2 ∑
C

N−1∏
k=1

�
(N−k)α2(N−k)α2(N−k)−1

(x),
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where

�
(N−k)α2(N−k)α2(N−k)−1

(x) = �(N−k)†β2(N−k)β2(N−k)−1(x)(ξ (N−k))β2(N−k)−1
α2(N−k)−1(ξ (N−k))β2(N−k)

α2(N−k)

=
√

m

2

[
−ϕ(N−k)(x)(C(N−k)−1)α2(N−k)α2(N−k)−1 + ϕ(N−k)µ(x)

(
C(N−k)−1γ (N−k)

µ

)α2(N−k)α2(N−k)−1

− ϕ(N−k)µν(x)
1

2

(
C(N−k)−1σ (N−k)

µν

)α2(N−k)α2(N−k)−1

]
,

with

ϕ(N−k)(x) = ϕ(N−k)†(x),

ϕ(N−k)µ(x) = ηµνϕ(N−k)†
ν (x),

and ϕ(N−k)µν(x) = ηµρηνσϕ(N−k)†
ρσ (x).

Let us write the corresponding Lagrangian in the form

Leven(x) = −�
αn···α1

(x)(e) β1···βn

α1···αn
(∂)�β1···βn

(x), (32)

where

(e) β1···βn

α1···αn
(∂) =

N∑
k=1

(k) β2k−1β2k

α2k−1α2k
(∂)

N∏
l=1,l �=k

I (l) β2l−1β2l

α2l−1α2l
, (33)

with

α2k−1α2k

β2k−1β2k (∂) = 1√
2

[
(�(k)µ)α2k−1α2k

β2k−1β2k ∂µ + κmI (k) β2k−1β2k

α2k−1α2k

]
. (34)

The matrices I (k) and �(k)µ are defined as

I (k) β2k−1β2k

α2k−1α2k
= 1

4

[
(C(k))α2k−1α2k

(C(k)−1)β2kβ2k−1 + (γ (k)µC(k))α2k−1α2k

(
C(k)−1γ (k)

µ

)β2kβ2k−1

+ 1
2 (σ (k)µνC(k))α2k−1α2k

(
C(k)−1σ (k)

µν

)β2kβ2k−1
]
,

= δ(k) β2k−1
α2k−1

δ(k) β2k

α2k

and

(�(k)µ)α2k−1α2k

β2k−1β2k = i

4

[
(σ (k)µνC(k))α2k−1α2k

(
C(k)−1γ (k)

ν

)β2kβ2k−1

− (
γ (k)

ν C(k)
)
α2k−1α2k

(C(k)−1σ (k)µν)β2kβ2k−1
]
,

= 1

4

[
(γ (k)µ)α2k−1

β2k−1δ(k)β2k

α2k
+ (γ (k)µ)α2k−1

β2k δ(k)β2k−1
α2k

+ δ(k) β2k

α2k−1
(γ (k)µ)α2k

β2k−1 + δ(k) β2k−1
α2k−1

(γ (k)µ)α2k

β2k
]
.

The Euler–Lagrange equation of motion follows immediately from equation (32):∑
C

(e)
α1···αn

γ1···γn(∂)�γ1···γn
(x) = 0.

Multiplying this equation with the identity operator defined by

I
(e) α1···αn

β1···βn
=

N∏
k=1

I
(k) α2k−1α2k

β2k−1β2k
, (35)

we obtain, after some calculations,

(k)
α2k−1α2k

β2k−1β2k (∂)�
(k)
β2k−1β2k

(x) = 0, (36)

where k = 1, . . . , N . This equation yields
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ϕ(k)(x) = 0, (37)

ϕ(k)
µν (x) = i

1

κm

[
∂νϕ

(k)
µ (x) − ∂µϕ(k)

ν (x)
]
,

and
(
∂2δ(k)ν

µ − ∂µ∂ν − κ2
mδ(k)ν

µ

)
ϕ(k)

ν (x) = 0,

(38)

which leads to

∂µϕ(k)
µ (x) = 0,

and (
∂2 − κ2

m

)
ϕ(k)

µ (x) = 0.

If we substitute equations (37) and (38) back into equation (31), we obtain

�(k)
α2k−1α2k

(x) = −
√

m

2

1

κm

[(γ (k) · ∂ − κm)γ (k)µC(k)]α2k−1α2k
ϕ(k)

µ (x),

from which we have

�(k)
α2k−1α2k

(x) = �(k)
α2kα2k−1

(x),

and

(γ (k) · ∂ + κm)α
α2k−1�(k)

α2k−1α2k
(x) = 0.

Recalling equation (35) and introducing a field φ given by

φα1···αn
(x) = I (e)

α1···αn

β1···βn�β1···βn
(x),

we find

φα1···αn
(x) =

(
1

m

)3(N−1)/2 N∏
k=1

�(k)
α2k−1α2k

(x).

We therefore obtain

�α1···αn
(x) =

∑
C

φα1···αn
(x),

and (γ (k) · ∂ + κm)α
α2k−1�α1···α2k−1···αn

(x) = 0.

(39)

The operator d(e), reciprocal to (e), satisfies

(e) γ1···γn

α1···αn
(∂)d(e) β1···βn

γ1···γn
(∂) = I (e) β1···βn

α1···αn

(
∂2 − κ2

m

)
,

where (e) is given by equation (33). We may write it in the form

d(e) β1···βn

α1···αn
(∂) =

N∑
k=1

d(k) β2k−1β2k

α2k−1α2k
(∂)

N∏
l=1,l �=k

I (l) β2l−1β2l

α2l−1α2l
, (40)

with

d(k) β2k−1β2k

α2k−1α2k
(∂) =

√
2

[
1

κm

(
∂2 − κ2

m

)
I (k) β2k−1β2k

α2k−1α2k
+ (�(k)µ)α2k−1α2k

β2k−1β2k ∂µ

− 1

κm

(�(k)µ)α2k−1α2k

γ2k−1γ2k ∂µ(�(k)ν)γ2k−1γ2k

β2k−1β2k ∂ν

]
. (41)

The covariant commutation relation and the causal Green’s function are given by using
the Klein–Gordon divisor of equation (40):[

φα1···αn
(x), φ

βn···β1
(y)

] = −id(e)
α1···αn

β1···βn(∂)�(x − y, κm),

〈0|T (φα1···αn
(x)φ

βn···β1
(y))|0〉 = −id(e)

α1···αn

β1···βn(∂)�C(x − y, κm).
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Thus we find [
�α1···αn

(x),�
βn···β1

(y)
] =

∑
C

[
φα1···αn

(x), φ
βn···β1

(y)
]
,

where
∑

C means the sum over all distinct combinations of the indices α1, . . . , αn and
β1, . . . , βn.

4.2. BW fields with n odd

A completely symmetric BW field is given as

�α1···αn
(x) =

(
1

m

)3(N−1)/2 ∑
C

N−1∏
k=1

�(k)
α2k−1α2k

(x)�(N)
αn−2αn−1αn

(x), (42)

where

�(N)
αn−2αn−1αn

(x) =
√

1

2

[
(C(N))αn−2αn−1ψ

(N)
αn

(x) + (γ (N)µC(N))αn−2αn−1ψ
(N)
αnµ

(x)

+
1

2
(σ (N)µνC(N))αn−2αn−1ψ

(N)
αnµν(x)

]
, (43)

we find that the main difference with the argument of section 4.1 follows from the replacement
of �(N) by �(N). So far as �(k) (k = 1, . . . , N − 1) is concerned, the results are the same as
those in the previous subsection. Henceforth, we shall discuss parts which concern �(N).

The adjoint field to �, denotes by �, is expressed by

�
αn···α1

(x) =
(

1

m

)3(N−1)/2 ∑
C

�
(N)αnαn−1αn−2

(x)

N−1∏
k=1

�
(N−k)α2(N−k)α2(N−k)−1

(x),

where

�
(N)αnαn−1αn−2

(x) = �(N)†βnβn−1βn−2(x)(ξ (N))βn−2
αn−2(ξ (N))βn−1

αn−1(ξ (N))βn

αn

=
√

1

2

[
−ψ

(N)αn
(x)(C(N)−1)αn−1αn−2 + ψ

(N)αn

µ (x)(C(N)−1γ (N)µ)αn−1αn−2

− 1

2
ψ

(N)αn

µν (x)(C(N)−1σ (N)µν)αn−1αn−2

]
,

with

ψ
(N)αn

(x) = ψ(N)†βn(x)(ξ (N))βn

αn ,

ψ
(N)αn

µ (x) = ψ(N)†βn

µ (x)(ξ (N))βn

αn ,

and ψ
(N)αn

µν (x) = ψ(N)†βn

µν (x)(ξ (N))βn

αn .

We write the Lagrangian as follows:

Lodd(x) = −�
αn···α1

(x)(o) β1···βn

α1···αn
(∂)�β1···βn

(x), (44)

where

(o) β1···βn

α1···αn
(∂) =

N−1∑
k=1

(k) β2k−1β2k

α2k−1α2k
(∂)

N∏
l=1,l �=k

I (l) β2l−1β2l

α2l−1α2l
δ(N)βn

αn

+
N−1∏
k=1

I (k)
α2k−1α2k

β2k−1β2k(N)
αn−2αn−1αn

βn−2βn−1βn(∂). (45)
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Here, (k)(∂) (k = 1, . . . , N − 1) is given by equation (34) and

(N)
αn−2αn−1αn

βn−2βn−1βn(∂) =
{
(�(N)µ)αn−2αn−1

βn−2βn−1∂µ + κmI (N)
αn−2αn−1

βn−2βn−1

+
1

κm

1

4
(γ (N)µC(N))αn−2αn−1

[(
∂2 − κ2

m

)
ηµν − ∂µ∂ν

]
× (C(N)−1γ (N)ν)βn−1βn−2

}
δ(N)βn

αn

+
1

4
(γ (N)µC(N))αn−2αn−1

[
(N)

µν (∂)
]
αn

βn(C(N)−1γ (N)ν)βn−1βn−2 ,

where

(N)
µν (∂) = (γ (N) · ∂ + κm)

(
ηµν − 1

4
γ (N)

µ γ (N)
ν

)
− 1

4

(
γ (N)

µ ∂ν − γ (N)
ν ∂µ

)
.

The Euler–Lagrange equation of motion comes from equation (44):∑
C

(o) γ1···γn

α1···αn
(∂)�γ1···γn

(x) = 0.

If we multiply this equation by the operator

I
(o) α1···αn

β1···βn
=

N∏
k=1

I
(k) α2k−1α2k

β2k−1β2k
δ(N)βn

αn
,

we arrive at equation (36), for k = 1, . . . , N − 1, as well as

(N)βn−2βn−1βn

αn−2αn−1αn
(∂)�

(N)
βn−2βn−1βn

(x) = 0.

These equations lead to

ψ(N)
αn

(x) = 0, (46)

ψ(N)
αnµν(x) = i

1

κm

[
∂νψ

(N)
αnµ

(x) − ∂µψ(N)
αnν

(x)
]
, (47)

and
[
(N)

µν (∂)
]
αn

βnψ
(N)ν
βn

(x) = 0. (48)

Then from equation (48) we get

(γ (N)µ)αn

βnψ
(N)
βnµ

(x) = 0,

∂µψ
(N)
βnµ

(x) = 0,

and (γ (N) · ∂ + κm)αn

βnψ
(N)
βnµ

(x) = 0.

By substituting equations (46) and (47) back into equation (43), we get

�(N)
αn−2αn−1αn

(x) = −
√

1

2

1

κm

[(γ (N) · ∂ − κm)γ (N)µC(N)]αn−2αn−1ψ
(N)
αnµ

(x).

Note that the symmetry property of �(N) with respect to the indices αn−2, αn−1 and αn follows
from this equation, and

�(N)
αn−2αn−1αn

(x)(C(N)−1)αn−1αn = 0.

In terms of the field

ψα1···αn
(x) = I (o) β1···βn

α1···αn
�β1···βn

(x),

=
(

1

m

)3(N−1)/2 N−1∏
k=1

�(k)
α2k−1α2k

(x)�(N)
αn−2αn−1αn

(x),
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we can express equation (42) as

�α1···αn
(x) =

∑
C

ψα1···αn
(x).

Hence, we find

(γ (k) · ∂ + κm)α
α2k−1�α1···α2k−1···αn

(x) = 0. (49)

We can write the Klein–Gordon divisor d(o)(∂) in the form

d(o) β1···βn

α1···αn
(∂) =

N−1∑
k=1

d(k) β2k−1β2k

α2k−1α2k
(∂)

N∏
l=1,l �=k

I (l) β2l−1β2l

α2l−1α2l
δ(N)βn

αn

+
N−1∏
k=1

I (k) β2k−1β2k

α2k−1α2k
d(N) βn−2βn−1βn

αn−2αn−1αn
(∂),

where d(k)(∂), k = 1, . . . , N − 1, is given by equation (41) and

d(N) βn−2βn−1βn

αn−2αn−1αn
(∂) = 1

κm

(
∂2 − κ2

m

)[
I (N) βn−2βn−1
αn−2αn−1

− 1

4
(γ (N)µC(N))αn−2αn−1

(
C(N)−1γ (N)

µ

)βn−1βn−2

]
δ(N)βn

αn

+
1

4

[
(γ (N)µC(N))αn−2αn−1 + i(σ (N)µκC(N))αn−2αn−1

1

κm

∂κ

] [
d(N)

µν (∂)
]
αn

βn

×
[
(C(N)−1γ (N)ν)βn−1βn−2 − i

1

κm

∂λ(C
(N)−1σ (N)νλ)βn−1βn−2

]
,

with

d(N)
µν (∂) = (γ (N) · ∂ − κm)

[
ηµν − 1

4
γ (N)

µ γ (N)
ν +

1

4

1

κm

(
γ (N)

µ ∂ν − γ (N)
ν ∂µ

) − 3

4

1

κ2
m

∂µ∂ν

]

+
3

4

1

κ2
m

(
∂2 − κ2

m

)[
γ (N)

µ ∂ν − γ (N)
ν ∂µ + (γ (N) · ∂ − κm)γ (N)

µ γ (N)
ν

]
.

After a lengthy calculation, we verify that the Klein–Gordon divisor satisfies

(o) γ1···γn

α1···αn
(∂)d(o) β1···βn

γ1···γn
(∂) = I (o) β1···βn

α1···αn

(
∂2 − κ2

m

)
.

Thus we find {
ψα1···αn

(x), ψ
βn···β1

(y)
} = −id(o) β1···βn

α1···αn
(∂)]�(x − y, κm),

and 〈0|T (
ψα1···αn

(x)ψ
βn···β1

(y)
)|0〉 = −id(o) β1···βn

α1···αn
(∂)�C(x − y, κm),

so that {
�α1···αn

(x),�
βn···β1

(y)
} =

∑
C

{
ψα1···αn

(x), ψ
βn···β1

(y)
}
.

5. Electromagnetic interaction

The minimal electromagnetic interaction is introduced by replacing ∂µ with the covariant
derivative

Dµ = ∂µ − ieAµ(x), (50)
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where a five-dimensional electromagnetic potential may be taken as

Aµ(x) = (A(x, x4), 0, φ(x, x4)),

so that the covariant derivative reads

Dµ = (∇ − ieA, ∂4 + ieφ, ∂5). (51)

It is well known that a set of BW equations leads to inconsistency among themselves
when the minimal electromagnetic coupling is switched on. Let us explain this situation for a
symmetric rank-2 spinor field. The BW equations are then

(γ · ∂ + κm)α
α1�α1α2(x) = 0,

and (γ · ∂ + κm)β
α2�α1α2(x) = 0.

In the absence of electromagnetic field, the two equations are equivalent due to the symmetry
property of the field. When we replace ∂ by D in these two equations, we obtain

(γ · D + κm)α
α1�α1α2(x) = 0, (52)

and (γ · D + κm)β
α2�α1α2(x) = 0. (53)

These two equations are inconsistent since[
(γ · D + κm)α

α1(γ · D + κm)β
α2 − (γ · D + κm)β

α2(γ · D + κm)α
α1

]
�α1α2(x)

= −ie[∂µAν(x) − ∂νAµ(x)](γ µ)α
α1(γ ν)β

α2�α1α2(x),

which is not identically zero, unless �α1α2 vanishes identically. Hence, equations (52)
and (53) are inconsistent.

In our Lagrange formulation, the equation of motion is

α1α2
β1β2(∂)�β1β2(x) = 0.

We may replace ∂µ by Dµ to obtain

α1α2
β1β2(D)�β1β2(x) = 0,

which turns out to be

�α1α2(x) = −
√

m

2

1

κm

[(γ · D − κm)γ µC]α1α2ϕµ(x),

with (
D2δµ

ν − DµDν − κ2
mδµ

ν
)
ϕν(x) = 0.

It is now obvious that �α1α2 does not satisfy the BW equation in which ∂µ is replaced by Dµ,
that is,

(γ · D + κm)α
α1�α1α2(x) �= 0.

We therefore avoid the difficulty predicted above.
The same situation occurs for symmetric rank-3 spinor field [3].
Our Lagrangian formulation for a BW field with arbitrary spin is constructed based on

the symmetric spinor fields of rank 2 and rank 3. Therefore, our theory is free from the
inconsistency when introducing the minimal electromagnetic coupling.
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6. Schrödinger equation

First, let us consider the BW field equation (39) with n even:

(γ (k) · ∂ + κm)α
α2k−1�α1···α2k−1···αn

(x) = 0, (54)

with k = 1, . . . , N . This equation also holds when we replace α2k−1 by α2k , because γ (k)’s act
only on the pair of indices α2k−1 and α2k . Hence, we have a set of n equations, where n = 2S

and N = [n/2] = S.
In view of the structure of γ (k)’s given in equation (6), it is convenient to write down

equation (54) by using 2-component multi-spinor fields. If we write the spinor indices

u = 1, 2, v = 3, 4,

so that u = v − 2, then we find

�α1···v···αn
(x) = −i

1

κm

[
(σ(k) · ∇)u

u2k−1 + κmδ(k)u2k−1
u

]
�α1···u2k−1···αn

(x),

and

∂t�α1···u···αn
(x) =

√
1

2

[−(σ(k) · ∇)v
v2k−1 + κmδ(k)v2k−1

v

]
�α1···v2k−1···αn

(x).

(55)

By combining this last equation with equation (55), we obtain

i∂t�α1···u···αn
(x) =

[
− 1

2m
(σ(k) · ∇)2

u
u2k−1 + mδ(k)u2k−1

u

]
�α1···u2k−1···αn

(x), (56)

where equation (5) has been utilized. Relation (55) implies that among the components of �,
only �u1···un

(x)’s are independent, so that the number of such components is n + 1 = 2S + 1,
which is the correct number to describe a spin-S field. This allows us to rewrite equation (56)
as

i∂t�u1···u···un
(x) =

[
− 1

2m
(σ(k) · ∇)2 u2k−1

u + mδ(k)u2k−1
u

]
�u1···u2k−1···un

(x),

which leads to the Schrödinger equation, after summation over k and division by n:

i∂t�u1···u···un
(x) = (H)u

u′
�u1···u′···un

(x), (57)

with the Hamiltonian

H = − 1

2m

1

2S

[
2

N∑
k=1

(σ(k) · ∇)2

]
+ m.

The minimal electromagnetic interaction is introduced by the replacement defined in
equation (50), together with the covariant derivative (equation (51)) in the Schrödinger
equation (57). The resulting Hamiltonian H ′ becomes

H ′ = − 1

2m

1

2S

[
2

N∑
k=1

(σ(k) · ∇)2

]
+ m + eφ. (58)

By writing equation (58) explicitly, we find

H ′ = − 1

2m
(∇ − ieA)2 − gS

1

2m
(H · S) + m + eφ, (59)

with the spin operator

S ≡
N∑

k=1

σ(k),
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and the magnetic field

H ≡ ∇ × A.

For a spin-S particle, the gyromagnetic ratio is

gS = 1/S.

Next, we consider the BW equation (49) with n odd:

(γ (k) · ∂ + κm)α
α2k−1�α1···α2k−1···αn

(x) = 0,

where k = 1, . . . , N . The same procedure as in the case of n even is applied to the situation
n = 2S = 2N + 1. The Schrödinger equation becomes

i∂t�u1···u···un
(x) = (H)u

u′
�u1···u′···un

(x),

with

H = − 1

2m

1

2S

[
2

N−1∑
k=1

(σ(k) · ∇)2 + 3(σ(N) · ∇)2

]
+ m.

The resulting Hamiltonian H ′ has the same form as equation (59), except with the spin operator
replaced by

S ≡
N−1∑
k=1

σ(k) +
3

2
σ(N).

We thereby obtain the gyromagnetic ratio gS = 1/S.
As pointed out by Lévy-Leblond in [7], the result gS = 1/S may be seen as a consequence

of the Galilean relativity, and not necessarily of the Einstein relativity.

7. Discussion

Compared with the situation in RQM, the symmetry properties of NQM have not been fully
explored theoretically, and their experimental consequences, not fully utilized practically. This
is partly due to the fact that NQM is not usually constrained by covariance as tightly as RQM.

We tacitly have not referred to the spins of the relevant fields in sections 2 and 3. From the
Lagrangian written in terms of multi-spinor fields, we have derived the Proca equation for the
vector field and the Rarita–Schwinger equation for the vector-spinor field in five-dimensional
Galilean space. In order to obtain the correct number of degrees of freedom to describe a spin
system, we must impose by hand an additional condition on the field. For the vector field, for
example, we impose the additional condition:

ϕ4(x) = 0.

Then the divergence-free condition tells us that

ϕ5(x) = −i
1

m

3∑
k=1

∇kϕ
k(x),

where we have utilized the ansatz in equation (4). We thus obtain the correct number of
degrees of freedom. The argument used here can be applied to the vector-spinor field and the
correct number of degrees of freedom describing a spin-3/2 field is obtained.

We plan to return to the spin-statistics connection in non-relativistic quantum field theory
[11]. Some papers devoted to this question have appeared recently, both in non-relativistic
quantum mechanics [12] and in non-relativistic quantum field theory [13].
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Appendix A. The Galilean gamma matrices and Fierz identities

The Galilean gamma matrices satisfy the Clifford algebra

{γµ, γν} = 2ηµν,

which reads

(γµ)α
γ (γν)γ

β + (γν)α
γ (γµ)γ

β = 2ηµνδα
β.

The 16 linearly independent elements are

γA = 1, γµ, σµν,

with

σµν = 1

2i
(γµγν − γνγµ) = 1

i
(γµγν − ηµν).

We can choose the Hermitian conjugates of the Galilean gamma matrices such that

(γ µ)† = −ξγ µξ = γµ.

The charge conjugation matrix is denoted by C, and its inverse, C−1, satisfies

(C)αγ (C−1)γβ = δα
β, (C−1)αγ (C)γβ = δα

β,

It is well known that C is skew symmetric and γµC and σµνC are symmetric, namely,

(γAC)αβ = εA(γAC)βα, (A.1)

or

(γA)β
α = −εA(C−1γAC)β

α,

where

εA =
{

−1, for C,

+1, for γµC and σµνC.

The prime Fierz identity is

Iα1α2
β1β2 = δα1

β1δα2
β2 = 1

4

16∑
A=1

(γAC)α1α2(C
−1γA)β2β1 . (A.2)

In order to prove equation (A.2), we expand δα1
β1δα2

β2 in terms of (γAC)α1α2 and (C−1γB)β2β1 :

δα1
β1δα2

β2 =
∑
A,B

CA
B(γ AC)α1α2(C

−1γB)β2β1 .

The coefficient CA
B is determined by the relationship

(γ AC)αβ(C−1γB)βα = Tr(γ AγB) = 4δA
B, (A.3)

namely,

CA
B = 1

16 (C−1γA)α2α1(γ BC)β1β2δα1
β1δα2

β2 = 1
4δA

B.
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Hence,

δα1
β1δα2

β2 =
∑
A,B

1

4
δA

B(γ AC)α1α2(C
−1γB)β2β1 ,

= 1

4

∑
A

(γ AC)α1α2(C
−1γA)β2β1 .

In order to prove equation (A.3), we have utilized the properties of the trace for the
Galilean gamma matrices:

Tr(γµ) = 0,

Tr(σµν) = 0,

Tr(γµγν) = 4ηµν,

Tr(γµγνγλ) = 0,

Tr(γµγνγργσ ) = 4(ηµνηρσ − ηµρηνσ + ηµσηνρ),

Tr(σµνσρσ ) = 4(ηµρηνσ − ηµσηνρ).

Note that if all γµ’s are Hermitian, then the trace of the product of an odd number of gamma
matrices is identically equal to zero. With our choice, γµ for µ = 1, 2, 3 are Hermitian, but
γ4 and γ5 are not. We thus need a proof for each case containing odd γµ’s.

The prime Fierz identity, equation (A.2), yields

Aα1α2
β1β2 = 1

2

(
δα1

β1δα2
β2 − δα1

β2δβ1
α2

) = 1
4 (C)α1α2(C

−1)β2β1 , (A.4)

and

Sα1α2
β1β2 = 1

2

(
δα1

β1δα2
β2 + δα1

β2δβ1
α2

)
,

= 1
4

[
(γ µC)α1α2(C

−1γµ)β2β1 + 1
2 (σµνC)α1α2(C

−1σµν)
β2β1

]
, (A.5)

where we have utilized equation (A.1). From equations (A.4) and (A.5), we obtain further
Fierz identities:

[γ A, γ B]α1α2
β1β2 ≡ 1

4

[
(γ A)α1

β1(γ B)α2
β2 − (γ A)α1

β2(γ B)α2
β1

− (γ B)α1
β2(γ A)α2

β1 + (γ B)α1
β1(γ A)α2

β2
]
,

= − 1
8

[
εB(γ Aγ BC)α1α2 + εA(γ Bγ AC)α1α2

]
(C−1)β2β1 , (A.6)

(γ A, γ B)α1α2
β1β2 ≡ 1

4

[
(γ A)α1

β1(γ B)α2
β2 + (γ A)α1

β2(γ B)α2
β1

+ (γ B)α1
β2(γ A)α2

β1 + (γ B)α1
β1(γ A)α2

β2
]
,

= − 1
8

[
εB(γ Aγ µγ BC)α1α2 + εA(γ Bγ µγ AC)α1α2

]
(C−1γµ)β2β1

− 1
16

[
εB(γ Aσµνγ BC)α1α2 + εA(γ Bσµνγ AC)α1α2

]
(C−1σµν)

β2β1 . (A.7)

Note that equations (A.4) and (A.5) can be rewritten in the forms

Aα1α2
β1β2 = [1, 1]α1α2

β1β2 ,

Sα1α2
β1β2 = (1, 1)α1α2

β1β2 .

In order to write equations (A.6) and (A.7) explicitly, we recall the following relations:

[γµ, γν] = 2iσµν,

[γρ, σµν] = 2i(ηρνγµ − ηρµγν),

[σρσ , σµν] = 2i(ηρνσµσ − ηρµσνσ − ησνσµρ − ησµσνρ),
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{γµ, γν} = 2ηµν,

{γρ, σµν} = i(γργνγµ − γµγνγρ),

{σρσ , σµν} = (γργσ γνγµ + γµγνγσ γρ) − 2ηρσ ηµν.

Below is the list of Fierz identities derived from equations (A.6) and (A.7):

[γ µ, 1]α1α2
β1β2 = 0,

[σµν, 1]α1α2
β1β2 = 0,

[γ µ, γ ν]α1α2
β1β2 = −ηµνAα1α2

β1β2 ,

[σµν, γ ρ]α1α2
β1β2 = − i

8
[(γ ργ νγ µ − γ µγ νγ ρ)C]α1α2(C

−1)β2β1 ,

[σµν, σ ρσ ]α1α2
β1β2 = −1

8
[(γ µγ νγ σ γ ρ + γ ργ σ γ νγ µ − 2ηµνηρσ )C]α1α2(C

−1)β1β2 ,

(γ µ, 1)α1α2
β1β2 ≡ (�µ)α1α2

β1β2

= i

4

[
(σµλC)α1α2(C

−1γλ)
β2β1 − (γλC)α1α2(C

−1σµλ)β2β1
]
, (A.8)

(σµν, 1)α1α2
β1β2 = − i

4

[
(γ µC)α1α2(C

−1γ ν)β2β1 − (γ νC)α1α2(C
−1γ µ)β2β1

+ (σµλC)α1α2

(
C−1σ ν

λ

)β2β1 − (σ νλC)α1α2

(
C−1σµ

λ

)β2β1
]
,

(γ µ, γ ν)α1α2
β1β2 = ηµν 1

4

[
(γ λC)α1α2(C

−1γλ)
β2β1 − 1

2
(σ κλC)α1α2(C

−1σκλ)
β2β1

]

− 1

4

[
(γ µC)α1α2(C

−1γ ν)β2β1 + (γ νC)α1α2(C
−1γ µ)β2β1

− (σµλC)α1α2

(
C−1σ ν

λ

)β2β1 − (σ νλC)α1α2(C
−1σµ

λ)
β2β1

]
,

(σµν, γ ρ)α1α2
β1β2 = 1

4
ηνρ

[
(σµλC)α1α2(C

−1γλ)
β2β1 + (γλC)α1α2(C

−1σµλ)β2β1
]

− 1

4
ηµρ

[
(σ νλC)α1α2(C

−1γλ)
β2β1 + (γλC)α1α2(C

−1σ νλ)β2β1
]

− 1

4

[
(σµρC)α1α2(C

−1γ ν)β2β1 − (σ νρC)α1α2(C
−1γ µ)β2β1

+ (σµνC)α1α2(C
−1γ ρ)β2β1 + 2(γ ρC)α1α2(C

−1σµν)β2β1
]

+
i

16
[(γ µγ νγ ρ − γ ργ νγ µ)σ κλC]α1α2(C

−1σκλ)
β2β1

+
i

4

[
(σµργλC)α1α2(C

−1σ νλ)β2β1 − (σ νργλC)α1α2(C
−1σµλ)β2β1

− (σµνγλC)α1α2(C
−1σρλ)β2β1

]
,

(σµν, σ ρσ )α1α2
β1β2 = −1

8
[(γ µγ νγ σ γ ρ + γ ργ σ γ νγ µ − 2ηµνηρσ )γ λC]α1α2(C

−1γλ)
β2β1

− 1

16
[(γ µγ νγ σ γ ρ + γ ργ σ γ νγ µ − 2ηµνηρσ )σ κλC]α1α2(C

−1σκλ)
β2β1

− i

4

[
(σµνγ ρC)α1α2(C

−1γ σ )β2β1 − (σµνγ σC)α1α2(C
−1γ ρ)β2β1

+ (σ ρσ γ µC)α1α2(C
−1γ ν)β2β1 − (σ ρσ γ νC)α1α2(C

−1γ µ)β2β1
]

− i

4

[
(σµνσ ρλC)α1α2

(
C−1σσ

λ

)β2β1 − (σµνσ σλC)α1α2

(
C−1σρ

λ

)β2β1

+ (σ ρσ σµλC)α1α2

(
C−1σ ν

λ

)β2β1 − (σ ρσ σ νλC)α1α2

(
C−1σµ

λ

)β2β1
]
.
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Moreover, by using the metric tensor, we have the Fierz identities in contracted form:

[γ λ, γλ]α1α2
β1β2 = −5Aα1α2

β1β2 ,

[σµλ, γλ]α1α2
β1β2 = 0,[

σµλ, σ ν
λ

]
α1α2

β1β2 = −4ηµνAα1α2
β1β2 ,

(γ λ, γλ)α1α2
β1β2 = 1

4

[
3(γ λC)α1α2(C

−1γλ)
β2β1 − 1

2 (σ κλC)α1α2(C
−1σκλ)

β2β1
]
,

(σµλ, γλ)α1α2
β1β2 ≡ 2(�

µ
)α1α2

β1β2

= 1
2

[
(σµλC)α1α2(C

−1γλ)
β2β1 + (γλC)α1α2(C

−1σµλ)β2β1
]
,(

σµλ, σ ν
λ

)
α1α2

β1β2 = − 1
2ηµν(γ λC)α1α2(C

−1γλ)
β2β1

+ 3
4

[
(γ µC)α1α2(C

−1γ ν)β2β1 + (γ νC)α1α2(C
−1γ µ)β2β1

]
+ 1

4

[
(σµλC)α1α2

(
C−1σ ν

λ

)β2β1 + (σ νλC)α1α2

(
C−1σµ

λ

)β2β1
]
,

(σ κλ, σκλ)α1α2
β1β2 = −(γ λC)α1α2(C

−1γλ)
β2β1 + 1

2 (σ κλC)α1α2(C
−1σκλ)

β2β1 . (A.9)

Finally, let us summarize the Fierz identities. We will do so by showing how they can be
used in order to eliminate the charge conjugation matrix C from the operators (∂) and d(∂).

A.1. Scalars

(γ λC)α1α2(C
−1γλ)

β2β1 = (1, 1)α1α2
β1β2 + (γ λ, γλ)α1α2

β1β2 , (A.10)

1
2 (σ κλC)α1α2(C

−1σκλ)
β2β1 = 3(1, 1)α1α2

β1β2 − (γ λ, γλ)α1α2
β1β2 . (A.11)

We find a useful relation by substituting equations (A.10) and (A.11) into equation (A.9):

(1, 1)α1α2
β1β2 = (γ λ, γλ)α1α2

β1β2 + 1
2 (σ κλ, σκλ)

β1β2
α1α2

.

A.2. Vectors

1
2 (σµλC)α1α2(C

−1γλ)
β2β1 = −i(�µ)α1α2

β1β2 + (�
µ
)α1α2

β1β2 ,

1
2 (γλC)α1α2(C

−1σµλ)β2β1 = i(�µ)α1α2
β1β2 + (�

µ
)α1α2

β1β2 ,

where

(�µ)α1α2
β1β2 = (γ µ, 1)α1α2

β1β2 ,

(�
µ
)α1α2

β1β2 = 1
2 (σµλ, γλ)α1α2

β1β2 .

A.3. Tensors of rank 2

1
2 (σµλC)α1α2

(
C−1σ ν

λ

)β2β1 = −(�µν)α1α2
β1β2 + (�

µν
)α1α2

β1β2 ,

1
2 (γ νC)α1α2(C

−1γ µ)β2β1 = 1
2ηµν

[
(1, 1)α1α2

β1β2 + (γ λ, γλ)α1α2
β1β2

]
+ (�µν)α1α2

β1β2 + (�
µν

)α1α2
β1β2 ,

where

(�µν)α1α2
β1β2 = −(�µ)α1α2

γ1γ2(�ν)γ1γ2
β1β2 ,

and (�
µν

)α1α2
β1β2 = −i(�µ)α1α2

γ1γ2(�
ν
)γ1γ2

β1β2 .
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A.4. Tensors of rank 3

1
2 (γ νC)α1α2(C

−1σµρ)β2β1 = −ηµν
[
i(�ρ)α1α2

β1β2 + (�
ρ
)α1α2

β1β2
]

+ (�µνρ)α1α2
β1β2 + (�

µνρ
)α1α2

β1β2 ,
1
2 (σµρC)α1α2(C

−1γ ν)β2β1 = ηνρ
[−i(�µ)α1α2

β1β2 + (�
µ
)α1α2

β1β2
]

+ (�
µνρ

)α1α2
β1β2 − (�µνρ)α1α2

β1β2 ,

where

(�µνρ)α1α2
β1β2 = −i(�µν)α1α2

γ1γ2(�ρ)γ1γ2
β1β2 ,

and (�
µνρ

)α1α2
β1β2 = −i(�

µν
)α1α2

γ1γ2(�ρ)γ1γ2
β1β2 .

A.5. Tensors of rank 4

1
2 (σµρC)α1α2(C

−1σ νσ )β2β1 = −ηνρ
[−(�µσ )α1α2

β1β2 + (�
µσ

)α1α2
β1β2

]
+ (�µνρσ )α1α2

β1β2 − (�
µνρσ

)α1α2
β1β2 ,

1
2 (ηµσ ηρν − ηµνηρσ )

[
(1, 1)α1α2

β1β2 + (γλ, γ
λ)α1α2

β1β2
]

+ ηµσ
[
(�ρν)α1α2

β1β2 + (�
ρν

)α1α2
β1β2

]
−ηµν

[
(�ρσ )α1α2

β1β2 + (�
ρσ

)α1α2
β1β2

] − ηρσ
[
(�µν)α1α2

β1β2 + (�
µν

)α1α2
β1β2

]
= (�µνρσ )α1α2

β1β2 + (�
µνρσ

)α1α2
β1β2 , (A.12)

where

(�µνρσ )α1α2
β1β2 = −i(�µνρ)α1α2

γ1γ2(�σ )γ1γ2
β1β2 ,

and (�
µνρσ

)α1α2
β1β2 = −i(�

µνρ
)α1α2

γ1γ2(�σ )γ1γ2
β1β2 .

Note that equation (A.12) may serve as a consistency condition.
We have made repeated use of the relation

(γ A, γ B)α1α2
γ1γ2(γ C, γ D)γ1γ2

β1β2 = 1
2

[
(γ Aγ C, γ Bγ D)α1α2

β1β2 + (γ Aγ D, γ Bγ C)α1α2
β1β2

]
,

to obtain some expressions listed in appendix B.

Appendix B. Expressions of Λ(∂) and d(∂) without using the charge-conjugation
operator

In this appendix, we provide the explicit expressions of the operator (∂) and its inverse
operator d(∂).

B.1. Symmetric spinor field of rank 2

α1α2
β1β2(∂) =

√
1

2

{
(�, 1)α1α2

β1β2 + κm

[
Iα1α2

β1β2 + (1, 1)α1α2
β1β2

]}
,

dα1α2
β1β2(∂) = −

√
2

κm

{
1

2
(�,�)α1α2

β1β2 +
(
∂2 − κ2

m

) [
−Iα1α2

β1β2 +
1

2
(1, 1)α1α2

β1β2

]}
,

where we have introduced the operator �:

� ≡ γ · ∂ − κm.
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B.2. Symmetric spinor field of rank 3

α1α2α3
β1β2β3(∂) =

{
(�, 1)α1α2

β1β2 + κm

[
Iα1α2

β1β2 + (1, 1)α1α2
β1β2

]
+ κm

5

16

[
(1, 1)α1α2

β1β2

+ (γ λ, γλ)α1α2
β1β2

]
+

1

κm

1

8

[
(�,�)α1α2

β1β2 + (�γ λ,�γλ)α1α2
β1β2

]

+
1

4

[
(�, 1)α1α2

β1β2 + (�γ λ, γλ)α1α2
β1β2

]
+

1

κm

(
∂2 − κ2

m

)1

8

[
(1, 1)α1α2

β1β2 + (γ λ, γλ)α1α2
β1β2

]}
δα3

β3

+
1

8

[
(1, 1)α1α2

β1β2 + (γ λ, γλ)α1α2
β1β2

]
(�)α3

β3

+
1

16

{
(�, γ κ)α1α2

β1β2 + (�γ κ, 1)α1α2
β1β2 + i(�σκλ, γλ)α1α2

β1β2

+ κm

[
2(γ κ, 1)α1α2

β1β2 + i(σ κλ, γλ)α1α2
β1β2

]}
(γκ)α3

β3

+ κm

1

16

[
(σ κλ, 1)α1α2

β1β2 + (σ κλγ ρ, γρ)α1α2
β1β2

]
(σκλ)α3

β3

+
1

32

[
(σ κλ, 1)α1α2

β1β2 + (σ κλγ ρ, γρ)α1α2
β1β2

]
(�σκλ)α3

β3 ,

dα1α2α3
β1β2β3(∂) = 1

κ2
m

1

16

{
3(�,�)α1α2

β1β2 + 2(�γ λ,�γλ)α1α2
β1β2 +

3

4
(�σκλ,�σκλ)α1α2

β1β2

+ κm

[
4(�, 1)α1α2

β1β2 − 2(�γ λ, γλ)α1α2
β1β2 − 3

2
(�σκλ, σκλ)α1α2

β1β2

] }
(�)α3

β3

+
1

κ2
m

1

16

{
2(�γ κ,�)α1α2

β1β2 + κm

1

2

[
i(σ κλ,�γλ)α1α2

β1β2

− i(�σκλ, γλ)α1α2
β1β2

]}
(�γκ)α3

β3 +
1

κ2
m

1

16

{
3

4
(�σκλ,�)α1α2

β1β2

− 1

4
(�σκλγ ρ,�γρ)α1α2

β1β2 − κm

1

4

[
(σ κλ,�)α1α2

β1β2

+ (�σκλ, 1)α1α2
β1β2 + (σ κλγ ρ,�γρ)α1α2

β1β2 + (�σκλγ ρ, γρ)α1α2
β1β2

]}
(�σκλ)α3

β3

+
1

κm

(
∂2 − κ2

m

){
Iα1α2

β1β2 − 1

4

[
(1, 1)α1α2

β1β2 + (γ λ, γλ)α1α2
β1β2

]
− 1

κm

1

4

[
(�, 1)α1α2

β1β2 + (�γ λ, γλ)α1α2
β1β2

]}
δα3

β3 +
1

κ2
m

(∂2 − κ2
m)

1

16

×
{

1

κ2
m

3

2

[
5(�,�)α1α2

β1β2 − (�γ λ,�γλ)α1α2
β1β2 +

1

2
(�σκλ,�σκλ)α1α2

β1β2

]

− 3

κm

[
3(�, 1)α1α2

β1β2 + (�γ λ, γλ)α1α2
β1β2 +

1

2
(�σκλ, σκλ)α1α2

β1β2

]

− 1

2

[
15(1, 1)α1α2

β1β2 − (γ λ, γλ)α1α2
β1β2

]
+

3

κ2
m

(
∂2 − κ2

m

)
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× [
3(1, 1)α1α2

β1β2 − (γ λ, γλ)α1α2
β1β2

]}
(�)β3

α3
+

1

κ2
m

(
∂2 − κ2

m

)
× 1

16

{
1

κm

3

[
(γ κ,�)α1α2

β1β2 + (�γ κ, 1)α1α2
β1β2 − i

2
(σ κλ,�γλ)α1α2

β1β2

− i

2
(�σκλ, γλ)α1α2

β1β2

]
+ i(σ κλ, γλ)α1α2

β1β2

}
(�γκ)α3

β3

+
1

κ2
m

(
∂2 − κ2

m

) 1

16

{
1

κm

6(�γ κ,�)α1α2
β1β2 + 4

[
(γ κ,�)α1α2

β1β2

+ (�γ κ, 1)α1α2
β1β2

] − 1

2

[
i(σ κλ,�γλ)α1α2

β1β2 + 7i(�σκλ, γλ)α1α2
β1β2

]
− 1

κ2
m

(
∂2 − κ2

m

)
3

[
(γ κ,�)α1α2

β1β2 + (�γ κ, 1)α1α2
β1β2 − i

2
(σ κλ,�γλ)α1α2

β1β2

− i

2
(�σκλ, γλ)α1α2

β1β2 − κmi(σ κλ, γλ)α1α2
β1β2

]}
(γκ)α3

β3

+
1

κ2
m

(
∂2 − κ2

m

) 1

16

{
− 1

κ2
m

3

4

[
3(�σκλ,�)α1α2

β1β2 − (�σκλγ ρ,�γρ)α1α2
β1β2

]
+

1

κm

3

4

[
(σ κλ,�)α1α2

β1β2 + (�σκλ, 1)α1α2
β1β2 + (σ κλγ ρ,�γρ)α1α2

β1β2

+ (�σκλγ ρ, γρ)α1α2
β1β2

] − 1

κ2
m

(
3∂2 − 7κ2

m

)1

4

[
3(σ κλ, 1)α1α2

β1β2

− (σ κλγ ρ, γρ)α1α2
β1β2

]}
(�σκλ)α3

β3 .
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Lévy-Leblond J M 1967 Nonrelativistic particles and wave equations Commun. Math. Phys. 6 286–311

http://dx.doi.org/10.1103/PhysRevD.3.2339
http://dx.doi.org/10.1103/PhysRevLett.24.1381
http://dx.doi.org/10.1063/1.1664527
http://dx.doi.org/10.1088/0305-4470/37/41/011
http://dx.doi.org/10.1063/1.1724319
http://dx.doi.org/10.1007/BF01645427
http://dx.doi.org/10.1007/BF01646020


1140 M Kobayashi et al

[8] Moldauer P A and Case K M 1956 Properties of half-integral spin Dirac-Fierz-Pauli particles Phys. Rep. 102
279–85

Tumanov V S 1964 The wave equation and magnetic moment of spin 2 particles Sov. Phys.—JETP 19 1182–5
[9] Takahashi Y and Umezawa H 1953 The general theory of the interaction representation, I. The local field Prog.

Theor. Phys. 9 14–32
Takahashi Y and Umezawa H 1964 Relativistic quantization of fields Nucl. Phys. 51 193–211

[10] Bargmann V and Wigner E P 1948 Group theoretical discussions of relativistic wave equations Proc. Natl.
Acad. Sci. USA 34 211–23

[11] Pauli W 1940 The connection between spin and statistics Phys. Rev. 58 716–22
Duck I M and Sudarshan E C G 1998 Toward an understanding of the spin-statistics theorem Am. J.

Phys. 66 284–303
Duck I M and Sudarshan E C G 1998 Pauli and the Spin-Statistics Theorem (Singapore: World Scientific)

[12] Peshkin M 2003 Spin and statistics in nonrelativistic quantum mechanics: the spin-zero case Phys. Rev.
A 67 042102

Allen R E and Mondragon A R 2003 Comment on ‘Spin and statistics in nonrelativistic quantum mechanics:
the spin-zero case’ Phys. Rev. A 68 046101

Peshkin M 2003 Reply to ‘Comment on ‘Spin and statistics in nonrelativistic quantum mechanics: the spin-zero
case’, Phys. Rev. A 68 046102

[13] Shaji A and Sudarshan E C G 2003 Non-relativistic proofs of the spin-statistics connection Preprint
quant-ph/0306033

http://dx.doi.org/10.1143/PTP.9.14
http://dx.doi.org/10.1016/0029-5582(64)90263-9
http://dx.doi.org/10.1073/pnas.34.5.211
http://dx.doi.org/10.1119/1.18860
http://dx.doi.org/10.1103/PhysRevA.67.042102
http://dx.doi.org/10.1103/PhysRevA.68.046101
http://dx.doi.org/10.1103/PhysRevA.68.046102
http://www.arxiv.org/abs/quant-ph/0306033

	1. Introduction
	2. Symmetric spinor field of rank 2
	3. Symmetric spinor field of rank 3
	4. BW field with arbitrary spin
	4.1. BW fields with
	4.2. BW fields with n odd

	5. Electromagnetic interaction
	6. Schrödinger equation
	7. Discussion
	Acknowledgments
	Appendix A. The Galilean gamma matrices and Fierz identities
	A.1. Scalars
	A.2. Vectors
	A.3. Tensors of rank 2
	A.4. Tensors of rank 3
	A.5. Tensors of rank 4

	Appendix B. Expressions of
	B.1. Symmetric spinor field of rank 2
	B.2. Symmetric spinor field of rank 3

	References

